Abstract. This paper studies the loss of the semimartingale property of the process g(Y )
Introduction
Continuous semimartingales form an important, general and well-studied class of stochastic processes. This paper deals with the phenomenon of the loss of the semimartingale property at the hitting time of a level as motivated and explained below.
1.1.
The motivation for this work is best described by the following two examples. Example 1.1. Let B be an (F t , P)-Brownian motion starting from x 0 > 0 defined on some filtered probability space (Ω, F, (F t ) t∈[0,∞) , P). It is well-known that the process |B| is not a semimartingale (see the original reference [18] or the monograph [13, Th. 72] ). A possible short argument is as follows. Let X be a continuous semimartingale and L a t (X) its local time at time t ≥ 0 and level a ∈ R. Recall that if f is a strictly increasing function on R, which moreover is the difference of two convex functions, then, for any a ∈ R, it holds L f (a)
(f (X)) = f ′ + (a)L a . (X) a.s., where f ′ + (a) is the right derivative of f at the point a (see [14, Ch. VI, Ex. 1.23]). If X := |B| were a semimartingale, then, applying the statement above to f (x) = x 2 sgn x, we would get that L 0 . (|B|) ≡ 0, which would contradict the well-known fact that the local time at zero of |B| increases immediately after the time τ B 0 = inf{t ≥ 0 : B t = 0}. Intuitively this can be summarized as follows: the semimartingale property of |B| fails immediately after τ B 0 because the increase in local time at zero of |B| and the infinite slope of the function x → √ x at the origin make the process |B| accumulate an infinite amount of local time at zero immediately after τ B 0 .
It is now natural to ask whether the square root of a nonnegative continuous semimartingale that does not accrue local time at zero may fail to be a semimartingale (for a different reason).
This is also possible as the following example shows. be given by ρ t = √ Y t , i.e. ρ is a Bessel process of dimension δ ∈ (0, 1) starting from x 0 > 0.
It is known that ρ is not a semimartingale. For completeness we present a formal proof of this fact in Appendix A. Here again the semimartingale property of ρ fails immediately after τ ρ 0 = inf{t ≥ 0 : ρ t = 0}.
As we already observed the loss of the semimartingale property in both examples above occurs immediately after the hitting time of zero. Let us first discuss whether this happens in fact even at the hitting time of zero, i.e. whether the stopped processes B τ B 0 and ρ τ ρ 0 are semimartingales. We shall see that they are semimartingales (see Corollaries 3.9 and 3.11), i.e. the loss of the semimartingale property in both examples above does not occur at the hitting time of zero.
The following natural question arises.
Question I. Let B be a Brownian motion starting from x 0 > 0. Does there exist a continuous strictly increasing function g : [0, ∞) → R, which is smooth on (0, ∞), such that the process g(B τ B 0 ) is not a semimartingale?
In other words we are asking here if the loss of the semimartingale property can occur at τ B 0 . The requirement for g to be strictly increasing stems from the desire to construct a function "like √ · ".
As we shall see, the answer to Question I is affirmative, and we will construct such examples below.
1.2.
In this paper we consider a one-dimensional diffusion Y with the state space J = (l, r), −∞ ≤ l < r ≤ ∞, possibly exiting its state space at a finite time. By convention Y is stopped after it reaches l or r. The setting is formally described in Section 2. Denoting by ζ the exit time from J (i.e. the hitting time of either l or r), we study whether the process g(Y ) loses the semimartingale property at the time ζ. A particular case of our discussion, when g is equal to the identity, will answer the following question:
Question II. Assuming that Y exits J only at finite endpoints 1 , can Y fail to be a semimartingale?
1 Note that if Y were allowed to exit at an infinite endpoint, then Y would clearly fail to be a semimartingale.
As we shall see, the answer to Question II is affirmative, and we will construct examples below. In particular, our construction gives rise to a globally defined continuous adapted process Y = (Y t ) t∈[0,∞) and a predictable stopping time ζ such that Y is a local semimartingale on the stochastic interval [0, ζ), Y is continuous at ζ and constant after ζ, but it is not a semimartingale on [0, ∞). The expression "Y is a local semimartingale on [0, ζ)" means that all stopped processes Y τn are semimartingales for some (and then for any) nondecreasing sequence of stopping times {τ n } such that τ n ↑ ζ a.s. and τ n < ζ a.s. Note that such a sequence exists because ζ is predictable. This terminology agrees with [15, Def. 4.6] .
At this juncture we refer to [10] , [6, Sec. V.1], [17] , [19] , [15] , and [16] , where several classes of processes on stochastic intervals (or even on optional random sets) are considered. In particular,
in [10] (also see [14, Ch. IV, Ex. 1.48]) the notion of a continuous local martingale on a stochastic interval [0, τ ) is introduced, where τ is a stopping time (not necessarily predictable), and in [17] a way of extending this notion to càdlàg processes is suggested. An important and delicate point in these works is precisely the definition of the notion of a local martingale on the stochastic interval [0, τ ), when τ is a non-predictable stopping time. From this viewpoint, our setting, where ζ is a predictable stopping time, is simple and unambiguous. We stress that Question II appears not to have been treated in these papers.
Finally, we discuss (omitting certain technical details) the relations between our treatment of Question II and the work in [16] . In [16] a process X on an optional random set Λ is considered and the question of interest is whether X is a restriction to Λ of a globally defined martingale (this question arises naturally in the setting of semimartingales on manifolds, when a semimartingale defined on the entire manifold satisfies the martingale property on each chart).
The analysis in [16] is performed under the standing assumption that X is the restriction to Λ of some special semimartingale. Hence, our Question II is precisely the question of whether this standing assumption holds. In this paper we give explicit deterministic if-and-only-if conditions in the diffusion setting for this assumption to be satisfied in the case the optional set is of the form Λ = [0, ζ). We should, however, note that the study in [16] is particularly interesting when Λ is non-predictable. Thus, the present paper and [16] , in fact, study distinct questions tailored to different settings.
1.3.
After finishing the paper we discovered the very deep and surprisingly general treatment [3] , where one of the questions discussed is whether a function of a Markov process is a semimartingale. Theorem 4.6 in [3] gives a necessary and sufficient condition for this in a very general setting. The Brownian case is discussed in detail in Section 5 of [3] , where explicit criteria are presented for a Brownian motion (Theorems 5.5 and 5.6), a reflecting Brownian motion (Theorem 5.8), and a killed Brownian motion (Theorem 5.9). At the end of Section 5 of [3] , it is explained how the results for a Brownian motion can be used to imply the corresponding results for diffusions (via a state space transformation and a random time-change), but the explicit statements are not presented.
In the present paper, the setting is far less general setting than that of Section 4 in [3] . As discussed above, we are interested only in the loss of the semimartingale property at the exit time ζ. This allows us to assume from the outset that g : J → R is a difference of two convex functions, which implies that g(Y ) is a continuous semimartingale on the stochastic interval [0, ζ), and investigate the behaviour of g near the endpoints of J that preserves the semimartingale property of g(Y ) globally, i.e. on [0, ∞). Even though our setting is less general than the one in [3] , the results obtained in this paper are complementary to the results in [3] . As explained in more detail below, we enrich the picture presented in [3] in several directions.
In Section 3 we present a necessary and sufficient condition for g(Y ) to be a semimartingale (Theorem 3.2), a sufficient one (Theorem 3.7), a necessary one (Theorem 3.12), and a discussion of the phenomena that lead to the loss of the semimartingale property at ζ (Theorem 3.15). It may be possible to establish our Theorem 3.2 from general Theorem 4.6 in [3] , but this way of proving Theorem 3.2 does not look straightforward. Furthermore, the authors of [3] recommend to obtain results for diffusions from the corresponding results for Brownian motion, i.e. from the results of Section 5 in [3] . Thus, our Theorem 3.2 can be deduced from Theorem 5.9 in [3] via a state space transformation and a random time-change. We, however, prove Theorem 3.2 directly.
This requires an investigation of the convergence of certain additive functionals of diffusion processes, which is carried out in this paper. We hope that this classification of convergence obtained here is of interest in its own right.
The other main results of Section 3, Theorems 3.7, 3.12, and 3.15, do not have their analogues in [3] and thus do not follow from the results of [3] . A question arises why we give a separate sufficient condition for g(Y ) to be a semimartingale (Theorem 3.7) and a separate necessary one (Theorem 3.12) in the presence of a necessary and sufficient condition (Theorem 3.2). Even though Theorem 3.2 is a more precise result, it is often less convenient in specific situations. For example the sufficient condition for g(Y ) to be a semimartingale in Theorem 3.7 is typically easier to verify than the necessary and sufficient condition in Theorem 3.2 (compare (3.8) and (3.4) ).
In specific situations we get some qualitative information (say, about the structure of certain examples) from Theorems 3.7 and 3.12 that is not easy to obtain from Theorem 3.2. For instance, if one wishes to construct an example demonstrating that the answer to Question II is affirmative, one requires the insight from Corollary 3.11 that the drift has to oscillate around zero near the finite endpoint, where Y exits. Corollary 3.11 is an immediate consequence of Theorem 3.7 and does not follow from Theorem 3.2.
In Section 4 we construct examples answering Questions I and II. For each question we construct two examples: one for each of the two possible ways (characterised in Theorem 3.15) the lose of the semimartingale property can occur. In Section 5 we discuss in more detail the case where Y is a Brownian motion stopped upon hitting zero. We start with two lemmas from real analysis that arise in the study of the Brownian case and are also of independent interest.
Then we present a result, Theorem 5.4, where two different equivalent conditions for g(Y ) to be a semimartingale are given. One of them is a slight variation of the equivalent condition of Theorem 5.9 in [3] (simply put, it is observed that parts (ii) and (iii) of Theorem 5.9 in [3] imply part (i) of that theorem). The other one is new.
In Section 6 we consider the additive functional
where (L y t (Y ); t ∈ [0, ζ), y ∈ J) is the local time of the diffusion Y and ν is an arbitrary positive measure on J. We describe the stopping time after which this additive functional is infinite, and present deterministic criteria for the convergence and divergence of (1.1) at this stopping time. As a particular case of this investigation, Lemma 5.10 in [3] is generalised to the diffusion setting and complemented by a criterion for a.s.-infiniteness of the additive functional.
This characterisation is the reason why the idea behind the proof of the corresponding result in Section 6 differs from the one in [3, Lemma 5.10]: our treatment in Secton 6 uses the Ray-Knight theorem in the corresponding place. Finally, in Section 7 we prove the theorems from Section 3.
Setting and Notations
2.1. First we introduce some common notations used in the sequel. Let us consider an open interval J = (l, r) ⊆ R.
•
• ν L denotes the Lebesgue measure on J.
• L 1 loc (J) denotes the set of Borel functions J → [−∞, ∞], which are locally integrable on J, i.e. integrable on compact subsets of J with respect to ν L .
• For a positive measure ν on J, L 1 loc (l+, ν) (resp. L 1 loc (r−, ν)) denotes the set of Borel functions f :
• For a locally finite signed measure ν S on J, |ν S | denotes the variation measure of ν S .
Let the state space be
on some filtered probability space (Ω, F, (F t ) t∈[0,∞) , P), where x 0 ∈ J and W is an (F t , P)-Brownian motion. We allow Y to exit its state space J at a finite time in a continuous way.
The exit time is denoted by ζ. That is to say, P-a.s. on {ζ = ∞} the trajectories of Y do not exit J, while P-a.s. on {ζ < ∞} we have: either lim t↑ζ Y t = r or lim t↑ζ Y t = l. Then we need to specify the behaviour of Y after ζ on {ζ < ∞}. In what follows we assume that on {ζ < ∞} the process Y stays after ζ at the endpoint of J where it exits, i.e. l and r are by convention absorbing boundaries.
Throughout the paper it is assumed that the coefficients µ and σ in (2.1) satisfy the EngelbertSchmidt conditions
Under (2.2) and (2.3) SDE (2.1) has a weak solution, unique in law, which possibly exits J (see [5] 
for some c ∈ J. In particular, s is an increasing C 1 -function J → R with a strictly positive derivative, which is absolutely continuous on compact intervals in J, while s(r) (resp. s(l)) may take value ∞ (resp. −∞).
Characterisation of the Semimartingale Property
In this section we study whether g(Y ) is a semimartingale for the possibly exiting diffusion Y described in the previous section and a certain class of functions g described below. Let us consider a function g on the state space J such that
In particular, the left derivative g ′ − and the right derivative g ′ + are well-defined everywhere on J and are functions of finite variation on compact subsets of J. Furthermore the derivative g ′ exists everywhere on J except possibly on a countable set. Therefore the second derivative g ′′ exists as a function ν L -a.e. on J. It follows from (3.1) that the second derivative of g in the sense of distributions can be identified with a locally finite signed measure on J (see § 3 in the appendix in [14] ), which is typically denoted by g ′′ (dy) (see e.g. [14, Ch. VI, Th. 1.5] ). An equivalent description of this object is as follows: g ′′ (dy) is the locally finite signed measure on J
It follows that the Lebesgue decomposition of g ′′ (dy) with respect to ν L takes the form
where the locally finite signed measure g ′′ s (dy) on J denotes the singular part of g ′′ (dy) with respect to ν L .
In what follows, given a function g satisfying (3.1), we define a locally finite signed measure ν g on J by the formula
Below we use the following terminology:
Y exits J at l is understood in an analogous way.
We distinguish between the following four cases:
(A) Y exits J neither at l nor at r;
(B) Y exits J at l, and there exists a finite limit
Y does not exit J at r;
(C) Y exits J at r, and there exists a finite limit In each of these cases g(Y ) is well-defined globally (i.e. on [0, ∞)) and finite, and hence the question whether g(Y ) is a semimartingale is well-posed.
Remark 3.1. By the Itô-Tanaka formula (see [14, Ch. VI, Th. 1.5]), condition (3.1) implies that
In fact, (3.1) is equivalent to (3.3). In the Brownian case µ ≡ 0, σ ≡ 1 (i.e. Y is a Brownian motion absorbed at l and r) this follows just as in the proofs of Theorems 5.5 and 5.6 in [3] and is stated right after the proof of Lemma 5.10 in [3] . In general it remains to note that (3.1) is equivalent to 
where the variation measure |ν g | of the locally finite signed measure ν g , defined in (3.2), equals
Remark 3.3. The proof of Theorem 3.2 will reveal that under (3.4), g(Y ) has the semimartingale decomposition
and the integrals in (3.6) and (3.7) are well-defined. The random field {L y t (Y ) : y ∈ J, t ∈ [0, ζ)} in (3.6) denotes the local time of the semimartingale Y defined on the stochastic interval [0, ζ) (see Section 6 for further details and references on local time of Y ). Note also that the local martingale M in (3.7) does not depend on the choice of g ′ on any countable set. In particular, on the set where the left and the right derivatives of g do not coincide we can define g ′ arbitrarily.
In the case the measure g ′′ (dy) is absolutely continuous with respect to ν L , Theorem 3.2 implies the following characterisation.
Corollary 3.4. Assume g ∈ C 1 (J, R) and that g ′ is absolutely continuous on compact intervals in J. Then, in case (B), it holds that g(Y ) is a semimartingale if and only if
Remark 3.5. Under the assumptions of Corollary 3.4, the signed measure g ′′ s (dy) is a zero measure and the finite variation process in the semimartingale decomposition (3.5) takes the form
We now investigate when the process Y itself is a semimartingale. To get a deterministic necessary and sufficient condition it is now enough to apply Theorem 3.2 or Corollary 3.4 with
Corollary 3.6. Assume that l > −∞, Y exits J at l, Y does not exit J at r. Then Y is a semimartingale if and only if
In specific examples it may be hard to check (3.4). The following result, Theorem 3.7, gives an easy-to-check sufficient condition for g(Y ) to be a semimartingale. In Theorem 3.12 below we present a necessary condition for the semimartingale property of g(Y ).
Theorem 3.7. In addition to the assumptions of Theorem 3.2 suppose that, for some a ∈ J,
Then g(Y ) is a semimartingale.
Remark 3.8. (i) In view of Theorem 3.2, there is an equivalent reformulation of Theorem 3.7, which appears to be purely analytic: under the assumptions of Theorem 3.2, (3.8) implies (3.4). Let us observe that our proof is probabilistic and, furthermore, the task of finding an analytic proof does not seem to be straightforward.
(ii) Observe that (3.4) does not imply (3.8). For instance, consider
Corollary 3.9. In addition to the assumptions of Theorem 3.2 suppose that, for some a ∈ J, µ = 0 ν L -a.e. on (l, a) and g is convex or concave on (l, a).
In particular, it immediately follows from Corollary 3.9 that B τ B 0 is a semimartingale (see the discussion after Examples 1.1 and 1.2). This can also be seen directly since, by Jensen's inequality, the process B τ B 0 is a supermartingale. (ii) The statement in (i) demonstrates that the gist of Corollary 3.9 lies in the cases
We now apply Theorem 3.7 to get a sufficient condition for Y itself to be a semimartingale.
Corollary 3.11. Assume that l > −∞, Y exits J at l, Y does not exit J at r. Further suppose that, for some a ∈ J,
Then Y is a semimartingale.
In particular, it follows from Corollary 3.11 that ρ τ ρ 0 is a semimartingale (see the discussion after Examples 1.1 and 1.2). Indeed, by Itô's formula, on the stochastic interval [0,
It is interesting to note that even though Corollary 3.6 gives a more precise result than Corollary 3.11, the latter is sometimes more convenient. For instance, we can conclude from Corollary 3.11 (but not from Corollary 3.6) that for Y to fail the semimartingale property, the drift µ has to oscillate around zero near the boundary point l. Such examples will be constructed below.
We now present a necessary condition for g(Y ) to be a semimartingale.
Theorem 3.12. Under the assumptions of Theorem 3.2 let g(Y ) be a semimartingale. Then
is not a semimartingale. Let us note that in specific situations it may be easier to see that (3.9) is violated than that (3.4) is violated.
Remark 3.13. In the language of analysis, Theorem 3.12 can be recast as follows: under the assumptions of Theorem 3.2, (3.4) implies (3.9). Again we observe that our proof is probabilistic and that an analytic proof appears not to be straightforward. Note also that (3.9) does not in general imply (3.4) (see Example 4.1 below).
Finally, we characterise the phenomena that lead to the loss of the semimartingale property of g(Y ). As in [7] we will denote by Var A = (Var A t ) t∈[0,∞) the variation process of a process (ii) We say that g(Y ) is a non-semimartingale of the second kind if P-a.s. on {ζ < ∞} it holds lim sup
We will now see that g(Y ) can lose the semimartingale property in these two ways only.
Moreover, we have the following characterisation result. 
We omit further details. The present setting here is a special case of the setting in Section 3 with J = (0, ∞), µ ≡ 0, σ ≡ 1, and we are in case (B) (note that condition (3.1) and the existence of a finite limit g(0) := lim x↓0 g(x) hold due to (4.1)). Conditions (3.4) and (3.9) take the form 
It is easy to see that h satisfies is a non-semimartingale of the second kind). Let us set a n = 1 n − 1 n 4 , n = 2, 3, . . . ,
(a n , b n ) and define the strictly positive function
It is clear that such a function h can be smoothened in the neighbourhoods of the points a n and b n , n = 2, 3, . . ., so that we get a function h : (0, ∞) → R satisfying (4.5)-(4.7) and
we get a function g satisfying (4.1) and (4.2) such that (4.4) is violated. 
.
Further Discussions in the Brownian Case
In this section we discuss in more detail the particular case, where Y is a Brownian motion stopped upon hitting zero, i.e. the case J = (0, ∞), µ ≡ 0, σ ≡ 1.
Two Lemmas from Real Analysis.
We will need the following result from real analysis, which is also of independent interest. Lemma 5.1. For some a > 0, let g : (0, a) → R be a difference of two convex functions, (5.1)
for some u ∈ (0, a). Then there exists a finite limit g(0) := lim
Let us recall that g ′′ (dx) is the locally finite signed measure on (0, a) satisfying g ′′ ((x, y]) = g ′ + (y) − g ′ + (x), 0 < x < y < a, and |g ′′ |(dx) is the variation measure of g ′′ (dx). Let us further note that statement (5.4) does not depend on the definition of the integrand on the (at most countable) set where g ′ does not exist. For more details, see the discussion in the beginning of h(x) = ∞ (note that for a convex function such a limit always exists but may be infinite). For ε ∈ (0, u),
integrating by parts, we get
Since h is convex on (0, a), it is absolutely continuous on compact intervals in (0, a), hence (5.7)
As ε ↓ 0 we now get a contradiction because the limit of the left-hand side of (5.7) is finite due to (5.5), while the limit of the right-hand side of (5.7) equals ∞ due to (5.6) and −εh ′ + (ε) ≥ 0 for sufficiently small ε > 0.
It remains to prove the implication .3), there is a finite lim ε↓0 εg ′ + (ε). Now using the integration by parts in a different way we obtain (5.8)
As ε ↓ 0 the right-hand side, hence also the left-hand side, of (5.8) has a finite limit (here (5.2) and the existence of a finite lim ε↓0 εg ′ + (ε) are used). Since x(g ′ + (x)) 2 is a nonnegative function, statement (5.4) follows by the monotone convergence (or by Fatou's lemma). Proof. In the first step let us establish that g ′ + ∈ L 1 loc (0+). Since g is convex or concave on (0, a), it is absolutely continuous on compact intervals in (0, a). In particular, for 0 < ε < u < a, we have (5.9)
Again by convexity or concavity of g, g ′ + is monotone, hence g ′ + is either nonnegative or nonpositive in a sufficiently small right neighborhood (0, δ) of zero. Now g ′ + ∈ L 1 loc (0+) follows from (5.9) by letting ε ↓ 0 and using the monotone convergence theorem together with (5.3).
Similarly to (5.7) we get (5.10)
Since g is convex or concave, g ′′ (dx) is a positive or negative measure. Therefore, the left-hand side, hence also the right-hand side, of (5.10) has a finite or infinite limit as ε ↓ 0. By (5.3), there is a finite or infinite lim ε↓0 εg ′ + (ε). The latter limit can only be 0 (provided it exists) because
x g ′′ (dx) is finite (the equality holds by the monotone convergence). We thus get (5.2). 
Another Characterisation of the
be the Jordan decomposition of the locally finite signed measure
are locally finite positive measures on (0, ∞) such that ν 1 ⊥ ν 2 . In particular, we have
For i = 1, 2, define the functions
Let us prove that (5.14) is satisfied with functions h i = H i , where
for a suitable choice of constants a i , b i . Since k i are nondecreasing and right-continuous and
have that H i are convex functions on (0, ∞). By construction it holds
Choosing a 1 and a 2 so that a 1 − a 2 = g ′ + (1), b 1 and b 2 so that (H 1 − H 2 )(1) = g (1), we obtain that g = H 1 − H 2 on (0, ∞). It remains to prove that lim x↓0 H i (x) < ∞, i = 1, 2. To this end, it is enough to prove that (5.15) . This concludes the proof.
Finiteness of Additive Functionals of Diffusion Processes
In this section we study the finiteness of the process
where ν is an arbitrary positive measure defined on the Borel σ-field B(J) (setting and notations in Section 2 apply), and (L y t (Y ); t ∈ [0, ζ), y ∈ J) is an a.s. continuous in t and càdlàg in y version of the local time of Y (in fact, it will be even a.s. jointly continuous in (t, y) ; see [12, Prop. A.1]). The characterisation of the finiteness of the additive functional given in (6.1) plays a key role in the proofs of the results of Section 3. The occupation times formula (see [14, Ch. VI, Cor. 1.6]) implies that this question has been answered in [11] in the case the measure ν is absolutely continuous with respect to the Lebesgue measure ν L . In this section we give a deterministic characterisation of the finiteness of the additive functional in (6.1) for a general positive (possibly non-locally finite) measure ν on the interval J.
We proceed in two steps. First we reduce the study of the finiteness of (6.1) in general to the question of the convergence of the integral
where the measure ν is now locally finite on J. In the second step we formulate the answer to the latter problem in terms of a deterministic integrability criterion involving the scale function s and its derivative ρ, given in (2.4)-(2.5), and the measure ν.
Let us consider a general positive measure ν on J. With B ε (x) := (x − ε, x + ε) we set
i.e. D ν is the set of points in J, where the local finiteness of ν fails, augmented with {l, r}.
Clearly, D ν is closed in J. For a closed subset E in J and a, b ∈ J, let us define the stopping
We start with the following result.
Theorem 6.1. P-a.s. we have: As for (6.4), let us first assume that Theorem 6.3. Let ν be a locally finite positive measure on the interval J = (l, r). Assume that s(r) = ∞ and s(l) = −∞. Then P-a.s. we have
Let us remark that the assumption s(r) = ∞ and s(l) = −∞ of Theorem 6.3 is equivalent to P(A) = 1 (see Propositions B.2 and B.3). In particular, in Theorem 6.3 we have ζ = ∞ P-a.s. The study of the remaining case P(B r ∪ B l ∪ C r ∪ C l ) = 1 consists of the investigation of the convergence of (6.2) on the event {lim t↑ζ Y t = l} and on the event {lim t↑ζ Y t = r}. In the following theorem we investigate the convergence of (6.2) on the event {lim t↑ζ Y t = l} (in particular, we need to assume s(l) > −∞, which is, by Proposition B.3, equivalent to
Theorem 6.4. Let ν be a locally finite positive measure on the interval J = (l, r). Assume that s(l) > −∞.
The investigation of the convergence of (6.2) on the event {lim t↑ζ Y t = r} is similar. This completes the study of the convergence of the integral in (6.2).
Proofs of Theorems 6.3 and 6.4. It is clear that Theorem 6.3 follows if we prove the equality in (6.6). By the Dambis-Dubins-Schwarz theorem, there exists a Brownian motion B starting from s(x 0 ) (possibly on an enlargement of the initial probability space) such that
Since s(r) = ∞ and s(l) = −∞, P-a.s. we have lim sup t↑ζ s(
Since P-a.s. we have L z ∞ (B) = ∞ for any z ∈ R (see e.g. [14, Ch. VI, § 2]), the equality in (6.6) and Theorem 6.3 follow.
We prove Theorem 6.4 by reducing it to Lemma 6.5 below, which deals with an analogous problem for a Brownian motion. Note first that (6.8) implies the following equality
Since s(l) > −∞, we have P(L) > 0, where L := {lim t↑ζ Y t = l}. By the equality in (6.7) it follows that lim t↑ζ B s(Y ),s(Y ) t = s(l) P-a.s. on L and hence
where τ B s(l) is the first time the Brownian motion B hits the level s(l). Define ν(dy) := ν(dy)/ρ(y), y ∈ J, and let µ be the pushforward measure of ν via s: µ(E) = ν(s −1 (E)) for any Borel subset E ⊆ s(J). Equalities (6.9) and (6.10) yield
Theorem 6.4 now follows from
and an application of Lemma 6.5.
Lemma 6.5. For some l ∈ R, define I := (l, ∞). Let B be a Brownian motion starting from x 0 ∈ I and ν a locally finite positive measure on I. Let τ B l denote the first time B hits the level l. 
Let W and W be independent Brownian motions starting from 0. Let us set η t = W 2 t + W 2 t , i.e. η = (η t ) t∈[0,∞) is a squared two-dimensional Bessel process starting from 0. It follows from the first Ray-Knight theorem that
Therefore, the question is (6.11) whether
In what follows we prove that, for a Brownian motion W starting from 0,
s. Together with (6.11) this will complete the proof of Lemma 6.5.
By Fubini's theorem we have E (l,x 0 ) W 2 y−l ν(dy) = (l,x 0 ) (y − l) ν(dy) and (A) follows. In order to prove (B) we assume that
Then there exists a large M < ∞ such that γ := P(E) > 0, where
For any positive δ and u, the probability P(W 2 u ≥ δ 2 u) = P(|N (0, 1)| ≥ δ) does not depend on u. Pick a sufficiently small δ > 0 such that P(|N (0, 1)| ≥ δ) ≥ 1 − γ 2 and note that, for any y ∈ (l, x 0 ), we have
Hence (6.12) implies x − l ∈ L 1 loc (l+, ν), which proves (B), and the lemma follows.
Proofs of Theorems from Section 3
In this section we will prove Theorems 3.2, 3.7, 3.12 and 3.15. Let us assume (3.1) and case (B) of Section 3.
1. Consider a sequence (α n ) n∈N , l < α n < x 0 , α n ↓ l. By the Itô-Tanaka formula applied to the stopped process g(Y τ Y αn ), n ∈ N, we get that P-a.s. it holds:
where the locally finite measure ν g on the interval J is defined in (3.2) and
Let us note that the process M = (M t ) t∈[0,ζ) is a continuous local martingale on the stochastic interval [0, ζ) with
(the second equality follows from the occupation times formula), and the process A = (A t ) t∈[0,ζ)
has a locally finite variation on [0, ζ).
Denote by Var A = (Var A t ) t∈[0,ζ) the variation process of A. P-a.s. it holds that
where |ν g | is the variation measure of ν g . We will now prove (7.3) by a pathwise argument, but let us first observe that the right-hand side of (7.3) is, clearly, (F t )-adapted and finite; finiteness P-a.s. on {t < ζ} follows from the fact that P-a.s. on {t < ζ} the function y → L y t (Y ) is càdlàg with a compact support and the measure |ν g | is locally finite on J. To prove (7.3), note that P-a.s. on {t < ζ} there exists a compact interval I ⊂ J, which depends on ω and contains the support of y → L y t (Y ). Let ω be fixed. Since |ν g |(I) < ∞, there exists a Jordan decomposition ν g = ν + g −ν − g : ν + g and ν − g are positive measures and ν + g (·) = ν g (·∩P ) and ν − g (·) = −ν g (·∩(I \P )) for some Borel set P in I. Furthermore, on I it holds |ν g | = ν + g + ν − g . Note that
is a decomposition of A(ω) into a difference of two non-decreasing continuous functions. To show (7.3), it is sufficient to prove that the measures on [0, ζ(ω)) induced by these functions,
i.e. the measures
are singular (that is the decomposition in (7.4) is minimal). It is in fact easy to see that the former measure is concentrated on the set
while the latter measure is concentrated on the similar set, where P is replaced by I \ P . Indeed, by Fubini's theorem we have
and a similar argument applies for the other statement. Thus, (7.3) follows.
2. Whenever (7.6) P-a.s. on {ζ < ∞} there exists a finite limit M ζ := lim
we extend the process (M t ) t∈[0,ζ) to the process M = (M t ) t∈[0,∞) by setting
Let us prove that under (7.6) M is a local martingale (now on the whole [0, ∞)). Indeed, there exists a sequence of stopping times (η n ) n∈N such that η n ↑ ζ P-a.s. and M ηn is a martingale for any n ∈ N. For m ∈ N, set
and note that ξ m ↑ ∞ P-a.s. as m ↑ ∞. Since, for a fixed m ∈ N, the processes M ηn∧ξm , n ∈ N, are uniformly (in n) bounded martingales and M ηn∧ξm t → M ξm t P-a.s. as n → ∞ (note that M is stopped at ζ), then the process M ξm is a martingale for any m ∈ N. Thus,
is a local martingale.
3. Since we consider case (B) of Section 3, we have lim t↑ζ Y t = l P-a.s. on {ζ < ∞}, and there is a finite limit g(l) := lim x↓l g(x). Then it follows from (7.1) that condition (7.6) is equivalent to (7.8) P-a.s. on {ζ < ∞} there exists a finite limit A ζ := lim t↑ζ A t . Whenever (7.8) holds, we extend the process (A t ) t∈[0,ζ) to the process A = (A t ) t∈[0,∞) by setting (7.9)
Finally, let us note that the condition (7.10) Var A ζ < ∞ P-a.s. on {ζ < ∞} implies (7.8) and under (7.10) the process A = (A t ) t∈[0,∞) has a locally finite variation (on the whole [0, ∞)).
4. By applying Theorem 6.4 with the positive measure ν(dy) = (g ′ ) 2 (y)dy, we obtain from (7.2) the following alternative (additionally use the Dambis-Dubins-Schwarz theorem for continuous local martingales on stochastic intervals):
hence (7.6) and (7.8) hold.
(Let us note that (7.12) follows from (7.11) via (7.1).) Applying Theorem 6.4 once again with the measure ν = |ν g |, we get from (7.3) another alternative:
(A 1 ) (3.4) implies (7.10).
(A 2 ) If (3.4) is violated, then Var A ζ = ∞ P-a.s. on {ζ < ∞}.
Let us now assume that
with a continuous process A = ( A t ) t∈[0,∞) of a locally finite variation and a continuous local
A t = A t and M t = M t P-a.s. on {t < ζ}, hence (7.6) and (7.10) hold. By alternatives (M 1 ), (M 2 ) and (A 1 ), (A 2 ) above, (3.9) and (3.4) hold. This proves Theorem 3.12 and the "only if"-part of Theorem 3.2.
6. In order to prove the "if"-part of Theorem 3.2 we now assume that (3.4) holds. By (A 1 ) and the reasoning in item 3, (7.10) and (7.6) (which is equivalent to (7.8)) are satisfied. Then, by items 2 and 3, g(Y ) is a semimartingale with the decomposition
where A and M are given in (7.9) and (7.7).
Thus, Theorem 3.2 is proved. Theorem 3.15 can be proved by a similar reasoning (again use the alternatives (M 1 ), (M 2 ) and (A 1 ), (A 2 ) and items 2 and 3).
7.
It remains to prove Theorem 3.7. Let us assume that (3.8) is satisfied. Then P-a.s. on {ζ < ∞} it holds: (7.13) there exists ε > 0 such that (A t ) t∈(ζ−ε,ζ) is monotone, hence, P-a.s. on {ζ < ∞} there exist limits
which are either both finite or both infinite (see (7.1)). By alternative (M 1 ), (M 2 ) above, either the limit lim t↑ζ M t is finite or (7.11) holds. Then M ζ and, consequently, A ζ are finite. Thus, (7.8) holds.
Now it follows from the fact that A has a locally finite variation on [0, ζ) and from (7.13) and (7.8) that (7.10) holds. By alternative (A 1 ), (A 2 ), we get that (3.4) holds, hence, by It is known that a Bessel process of dimension δ ∈ (0, 1) is not a semimartingale. However, we did not find a direct reference for this. We think this can be deduced from the general Theorem 7.9 in [3] , but this does not look straightforward. Therefore, we now present a direct non-entrance types, in the terminology of [2] , that is, after ρ reaches 0, which happens at a finite time with probability 1, it cannot be continued in the positive direction (also see [2, Sec.
2.4]).
The obtained contradiction completes the proof. Now we state some well-known results about the behaviour of a one-dimensional diffusion Y of (2.1) with the coefficients satisfying (2.2) and (2.3). These results follow from the construction of solutions of (2.1) (see e.g. [5] Let us finally emphasize that the results stated in this appendix do not in general hold beyond (2.2) and (2.3).
